Abstract. Let D be a defect group of a 2-block B of a finite group G. We conjecture that if D is a rational group and D 0 c ZðDÞ, then the values of all w A IrrðBÞ lie in a cyclotomic field Q m , for some odd integer m. We prove the conjecture when G is solvable or jDj ¼ 8. Examples show that the condition D 0 c ZðDÞ cannot be relaxed.
Introduction
Let G be a finite group. We say that G is rational if all complex characters of G are rational-valued, or equivalently if any two elements of G that generate the same cyclic subgroup are G-conjugate. A well-known conjecture predicts that if G is rational, then so is a 2-Sylow subgroup of G.
In this paper, we seek a plausible conjecture in the local-to-global direction that can serve as a sort of converse to the conjecture above. Of course groups with rational 2-Sylow subgroups need not be rational, but one might ask if all characters of such groups are 2-rational, meaning that their values lie in the cyclotomic field of jGj 2 0 -th roots of 1. This question has a negative answer. The dihedral group of order 24 is a simple and instructive example. Faithful irreducible characters of D 24 take values G ffiffi ffi 3 p on elements of order 12, but ffiffi ffi 3 p does not lie in Qð ffiffiffiffiffiffi ffi À3 p Þ, the cyclotomic field of jGj 2 0 -th roots of 1. The failure of faithful w A IrrðD 24 Þ to be 2-rational can perhaps be explained by the fact that such w belong to a 2-block of D 24 whose defect group is the non-rational group Z 4 . One might therefore ask the following question. Question 1. Let B be a 2-block of a finite group G. If B has a rational defect group, must every w A IrrðBÞ be 2-rational?
It is easy to see that Question 1 has an a‰rmative answer if B has a normal defect group D. Indeed it su‰ces to prove that every irreducible character of hxiD is a 2-rational, for all odd order elements of x of G. This in turn follows from the fact that every irreducible character of D has a rational extension to its inertia group in hxiD; see [2, Corollary 6 .28].
Unfortunately, Question 1 has a negative answer in general, even for solvable groups. I. M. Isaacs has found two counter-examples to Question 1 by a computer search of groups of order 96. We describe one of these counter-examples in conventional group-theoretic terms at the end of Section 3. Since a 2-Sylow subgroup of this counter-example is nilpotent of class 3, we must be content with a more modest version of Question 1.
Conjecture 2. Let B be a 2-block of a finite group G. Suppose that a defect group D of B is rational, and that D 0 c ZðDÞ. Then every w A IrrðBÞ is 2-rational.
We prove that Conjecture 2 is true when G is solvable. This is an immediate consequence of the following theorem, which is the main result of this paper.
Theorem A. Let G be a solvable group. Suppose y A IrrðO 2 0 ðGÞÞ is G-invariant. Suppose that a 2-Sylow subgroup P of G is rational and satisfies P 0 c ZðPÞ. Then every character in IrrðGjyÞ is 2-rational.
The proof of Theorem A is rather long. After several reductions, one reaches a situation where O 2 0 ðGÞ is cyclic and central in G, F ðGÞ is abelian,
and O 2 ðGÞ contains normal elementary abelian subgroups V and W of G such that V =W is a direct product of noncentral minimal normal subgroups of G=W . The crucial ingredient in the proof of Theorem A is Proposition 2.4, which implies that P acts as a group of order 2 on each irreducible G-submodule of V =W .
We mention that the result of Theorem A is not new for odd degree characters in IrrðGjyÞ. Indeed the 2-rationality of such characters follows from the much more general hypothesis that P=P 0 is elementary abelian. This was proved by Turull [5, Theorem 4.5] and is implicit in earlier work of Isaacs; see Isaacs' review of [5] .
In Section 3, we consider general (i.e. not necessarily solvable) finite groups. We first observe that the truth of Conjecture 2 is equivalent to the rationality of certain generalized decomposition numbers; an easy consequence of this is the truth of Conjecture 2 for abelian D. We then show in Proposition 3.4 that the truth of Conjecture 2 is equivalent to the requirement that for each x A D, certain irreducible Brauer characters of C G ðxÞ are invariant in N G hxi. We use this equivalence to prove Theorem B, which asserts that Conjecture 2 is true when D is nonabelian of order 8.
Solvable groups
Definitions. Let p be a prime, let G be a finite group, and let w A IrrðGÞ. Following [2, Definition 6 .29], we say that w is p-rational if the values of w lie in the cyclotomic field Q m for some p 0 -integer m. We say a subset S of IrrðGÞ is p-rational if w is p-rational for all w A S. We say G is p-rational if IrrðGÞ is p-rational. We define rational char-acters, rational sets of characters, and rational groups analogously. Note that if G is a 2-group, then being rational is the same as being 2-rational.
Lemma 2.1. Let P be a rational 2-group of nilpotence class 2. Then P has exponent 4.
Proof. Suppose that x A P has order 8. There exist u; t A P such that x u ¼ x 3 and x t ¼ x À1 . Then ½x; u; t ¼ ½x 2 ; t ¼ x 4 0 1, contradicting P 0 c ZðPÞ. Hence P has exponent 4, as desired. r Lemma 2.2. Let r be an odd prime and let V be a finite nondegenerate symplectic space over GFðrÞ. Let P be an elementary abelian 2-subgroup of SpðV Þ; possibly P ¼ 1. Then V is an orthogonal direct sum of P-invariant hyperbolic planes.
Proof. We proceed by induction on jPj. If P ¼ 1, the result is clear, so we suppose that P contains an involution t. A short computation shows that V is the orthogonal direct sum of ½V ; t and C V ðtÞ. Since V is nondegenerate, so are ½V ; t and C V ðtÞ. Let P ¼ hti Â Q; possibly Q ¼ 1. Since Q induces elementary abelian groups on ½V ; t and C V ðtÞ, the inductive hypothesis yields that both are orthogonal direct sums of Q-invariant hyperbolic planes. Since t acts as a scalar on both ½V ; t and C V ðtÞ, it follows that both are orthogonal direct sums of P-invariant hyperbolic planes. Hence V is such a direct sum, as desired. r Proof. Suppose first that V is an imprimitive F ½G-module. Hence we may assume that K=L is a noncentral chief factor. Thus K=L is an elementary abelian r-group for a prime r, M=L is a faithful and irreducible linear group on K=L, and K=L is a regular normal subgroup of the primitive permutation group G=L. We have jG : Mj ¼ jK : Lj ¼ m. Since G has a normal 2-complement, jK : Lj must be odd. Thus we may assume that P c M.
Let O be a P-orbit on K=L, or equivalently a P-orbit on fV 1 ; . . . ; V m g. Let W be the sum of the V i that belong to O. If jOj d 4, then Lemma 2.3, with Q ¼ P=C P ðW Þ, yields a contradiction. Hence each P-orbit on K=L has size at most 2, so each vector in K=L is centralized by a maximal subgroup of PL=L. Since K=L is a direct sum of one-dimensional PL=L-modules, it follows that PL=L has a regular orbit on K=L. Hence PL=L has a regular orbit of size 2, and so jPL : Lj ¼ 2.
Hence jG : Lj 2 ¼ 2. Let t A PnL be an involution. There exist 1 c i < j c m such that t interchanges V i and V j . Suppose, to get a contradiction, that jLj is even. Let
N G ðV i Þ be an involution. After replacing u by a G-conjugate, we may assume that u acts nontrivially on V i . Abusing notation slightly, we view the dihedral group ht; ui as a subgroup of
then t and u are conjugate in ht; ui and therefore in H, contradicting the fact
Þ is a normal subgroup of H. Hence 4 divides jht; uij. It follows that ht; ui ¼ ht; tui contains an elementary abelian subgroup S of order 4 such that t A S. We apply Lemma 2.3 with W ¼ V i l V j and Q ¼ S and conclude that jSj ¼ 2, a contradiction. Thus L contains no involution and jGj 2 ¼ 2, completing the proof of Proposition 2.4 in the imprimitive case.
In the primitive case, every normal abelian subgroup of G is cyclic. Following [3, Corollary 1.10], let Z be the socle of the cyclic group ZðF ðGÞÞ and let A ¼ C G ðZÞ.
is a matrix representation a¤orded by V K . Since the condition that ½V ; P c C V ðPÞ is equivalent to ðRðtÞ À I ÞðRðuÞ À I Þ ¼ 0 for all t; u A P, we see that ½V K ; P c C V K ðPÞ: This of course implies that ½W ; P c C W ðPÞ for every K½P-submodule W of V K . By the proof of [2, Theorem 9.21], V K is a direct sum of algebraically conjugate irreducible K½G-modules, each occurring with multiplicity one. LetṼ V be a fixed irreducible K½G-summand of V K . Since K is a splitting field for Z, each irreducible constituent ofṼ V Z is one-dimensional over K. SinceṼ V is a faithful K½G-module and Z G ZðGÞ, it follows thatṼ V Z is not homogeneous. HenceṼ V is a faithful, irreducible, and imprimitive K½G-module satisfying ½Ṽ V ; P c CṼ V ðPÞ. The imprimitive case of Proposition 2.4 yields that jPj ¼ 2, as desired.
We now assume that Z c ZðGÞ. Since V is a faithful, 
The group Spð2; p i Þ ¼ SLð2; p i Þ contains a unique involution, so for fixed i c m and fixed t A P, t either centralizes or inverts D i =ZðD i Þ. Thus for each i c m, either ½P; Since ZðDÞ c ZðEÞ ¼ Z, it follows that some nonidentity element z of Z centralizes W . Since z A ZðGÞ, however, C V ðzÞ is G-invariant, and so C V ðzÞ ¼ ð0Þ, a contradiction. We conclude that C is trivial and W is a faithful F ½PD-module.
To show that W is an imprimitive F ½PD-module, it therefore su‰ces to show that PD has a noncyclic normal abelian subgroup. Let A 1 be a normal elementary abelian subgroup of D 1 , with
Since each involution in P either centralizes or inverts D 1 =ZðD 1 Þ, it follows that P normalizes A 1 . Hence A 1 p PD, as desired. Thus W is an imprimitive F ½PD-module.
Since ½W ; P c C P ðW Þ, the hypotheses of Proposition 2.4 are now satisfied with PD and W in place of G and V . Since the imprimitive case of Proposition 2.4 has been proved, it follows that jPj ¼ 2, as desired. r Theorem A. Let G be solvable. Let P A Syl 2 ðGÞ. Suppose that P is a rational group and P 0 c ZðPÞ. Let y A IrrðO 2 0 ðGÞÞ be G-invariant. Then IrrðGjyÞ is 2-rational.
Proof. Let G be a counter-example with jG : O 2 0 ðGÞj minimal. We have ZðPÞ c C G ðO 2 ðGÞÞ c O 2 0 ; 2 ðGÞ. Since P 0 c ZðPÞ, we see that G :¼ G=O 2 0 ; 2 ðGÞ has an abelian 2-Sylow subgroup P. It follows that G ¼ O 2 0 ; 2; 2 0 ðGÞ, so that G ¼ O 2 0 ; 2; 2 0 ; 2; 2 0 ðGÞ. Since P is rational and abelian, P is elementary abelian.
We Since G is a counter-example to Theorem A, there exists w A IrrðGjyÞ such that w is not 2-rational. Let c be an irreducible constituent of w M . Since c A IrrðMjyÞ, c is 2-rational. Hence c G 0 w. Since G=M has prime order, it follows that w M ¼ c. Let jGj ¼ 2 a k with k odd. Let Q k and Q 2 a k denote the cyclotomic fields of k-th (respectively 2 a k-th) roots of 1.
QðcÞ c Q k and so G permutes the r extensions of c to G. Since jGj ¼ 2 aÀ1 , G fixes one such extensionĉ c A IrrðGjcÞ. Since w ¼ĉ cl for some linear character l of G=M, we have QðwÞ c Q k and so w is 2-rational, contrary to assumption. Hence O 2 0 ðGÞ ¼ G, as claimed. The next step is to produce a counter-example to Theorem A in which G=O
0 -special characters are 2-rational by [3, Corollary 21 .11], it follows that y Â l A IrrðN Â EÞ extends to a 2-rational character s A IrrðG GÞ.
LetĜ G ¼G G=N. Note that O 2 0 ðĜ GÞ ¼ ðN Â EÞ=N G E and a 2-Sylow subgroup of G G is isomorphic to P. By Gallagher's theorem, IrrðG GjyÞ ¼ fsc : c A IrrðĜ GÞg. Now IrrðGjyÞ may be identified with fw A IrrðG GjyÞ : E c ker wg ¼ fsc : c A IrrðĜ Gjl À1 Þg. Since s is 2-rational and IrrðGjyÞ is not, it follows that IrrðĜ Gjl À1 Þ is not 2-rational. HenceĜ G is a counter-example to Theorem A withĜ G=O 2 0 ðĜ GÞ ¼ G=O 2 0 ðGÞ, and O 2 0 ðĜ GÞ G E is cyclic and central inĜ G, as desired.
Having found a counter-example ðG; yÞ to Theorem A in which jG : O 2 0 ðGÞj is minimal, O 2 0 ðGÞ is cyclic and central in G, and G=O 2 0 ; 2 ðGÞ has no nontrivial odd order factor groups, we next show that O 2 ðGÞ is elementary abelian. Let T ¼ O 2 ðGÞ and let H c O 2 0 ; 2; 2 0 ðGÞ be a Hall 2 0 -subgroup of G. Since P is rational, so is ZðPÞ. Hence ZðPÞ is elementary abelian. Now T V ZðGÞ c ZðPÞ, so T V ZðGÞ is elementary abelian. We claim that jT V ZðGÞj c 2. Suppose the contrary, and let w A IrrðGjyÞ be non-2-rational. Let l be the unique irreducible constituent of w TVZðGÞ: Since jT V ZðGÞj > 2, Ker l is nontrivial. Since P=Ker l is rational, O20 ðG=Ker lÞ ¼ O20 ðGÞ Ker l=Ker l G O20 ðGÞ, and w A IrrððG=Ker lÞ j yÞ is non-2-rational, the minimality of G as a counter-example to Theorem A is violated, proving the claim.
For g A G, we have T c P g and so T 0 c ZðP g Þ. Since G=O 2 0 ; 2 ðGÞ is generated by its 2-Sylow subgroups, we have G ¼ O 2 0 ðGÞhP g : g A Gi. Hence T 0 c T V ZðGÞ and so jT 0 j c 2: If x A T, g A G, and y A P g , then ½x; y belongs to the elementary abelian group ZðP g Þ and so ½x; y 2 ¼ 1. Thus ½x 2 ; y ¼ ½x; y 2 ¼ 1 and so x 2 is centralized by P g , for all g A G. As above, this implies that x 2 A T V ZðGÞ. Thus T=ðT V ZðGÞÞ is elementary abelian. If T is nonabelian, then T 0 ¼ T V ZðGÞ, and so T=T 0 is elementary abelian.
It is convenient to introduce the subgroup A :¼ hZðPÞ g : g A Gi. Since g : g A Gi, we have ½G; T c A. Suppose that T is nonabelian, so that T 0 ¼ T V ZðGÞ has order 2. We will produce a normal extraspecial subgroup of G contained in C T ðHÞ: Note that ZðTÞ=T 0 is the radical of the commutator form on T=T 0 . Since T ¼ C T ðHÞ½H; T and ½H; T c A c ZðTÞ, we have T ¼ C T ðHÞZðTÞ. Thus T=T 0 is the direct sum of ZðTÞ=T 0 and a complement with basis fx 1 T 0 ; . . . ; x k T 0 g for some k d 1 and with
Hence E is an extraspecial subgroup of C T ðHÞ. We have C T ðHÞ p G, since
Since P 0 c ZðPÞ and E c C T ðHÞ p G, we have ½P; E c ZðPÞ V C T ðHÞ. Hence ½P; E is centralized by hP; Hi ¼ G, and so ½P; E c T V ZðGÞ ¼ T 0 c E. Hence N G ðEÞ contains P and H, and so E p G. Since P and H act trivially on E=T 0 ¼ E=ZðEÞ, it follows that P and G induce only inner automorphisms of E. Hence P ¼ EC P ðEÞ and G ¼ EC G ðEÞ:
Since P is a central product of E and C P ðEÞ, it follows that C P ðEÞ A Syl 2 ðC G ðEÞÞ is a rational group. Since G is a central product of E and C G ðEÞ and IrrðGjyÞ is not 2-rational, it follows similarly that IrrðC G ðEÞ j yÞ is not 2-rational. We 
. We identify V with its image in G=L, so that V ¼ F ðG=LÞ. Let W < V be the Frattini subgroup of G=L. By a wellknown result of Gaschü tz, V =W ¼ F ðG=LW Þ and V =W is a direct product of minimal normal subgroups V 1 ; . . . ; V n of G=LW . For 1 c i c n, the action of G=C G ðV i Þ on V i satisfies the hypotheses of Proposition 2.4, and so jP : C P ðV i Þj ¼ 2 for 1 c i c n.
Since IrrðV i Þ is the GFð2Þ½P=C P ðV i Þ-module dual to V i , we have
for all i. For 1 c i c n, choose a non-P-invariant character l i A IrrðV i Þ, and
Hence P=T has a regular orbit on IrrðV =W Þ.
We claim that C T ðHÞ is elementary abelian. Suppose the contrary. Since C T ðHÞ is abelian, there exists m A IrrðC T ðHÞÞ such that QðmÞ ¼ QðiÞ. Choose l A IrrðV Þ to lie in a regular P=T-orbit. Then no element of P conjugates l Â m to ðl Â mÞ À1 ¼ l Â m À1 . If a A IrrðP j l Â mÞ, then ½a T ; l Â m > 0, and, by Cli¤ord's theorem, ½a T ; l Â m À1 ¼ 0. Hence a T is not real-valued, and so neither is a. This contradicts the fact that P is rational. Hence C T ðHÞ and T are elementary abelian.
Since G is a counter-example to Theorem A, there exists w A IrrðGjyÞ and x A G such that wðxÞ is not 2-rational. Let u and s respectively denote the 2-and 2 0 -factors of x. Since wðxÞ is not 2-rational, u has order at least 4 (by Lemma 2.1, exactly 4). Thus u B T, since T is elementary abelian. There exists i c n such that ½u; V i 0 1. Say ½u; V 1 0 1. We may assume that u A P.
If s does not centralize V 1 , then G 0 has a nontrivial odd order factor group, while G does not. Thus G 0 < G in both cases. Thus ðG 0 ; yÞ is not a counter-example to Theorem A, and IrrðG 0 jyÞ is 2-rational. Thus wðxÞ is 2-rational, the final contradiction. r Corollary 2.5. Let B be a 2-block of a solvable group G. Suppose that a defect group D of B is rational and nilpotent of class at most 2. Then IrrðBÞ is 2-rational. We describe one of these counter-examples in conventional group-theoretic terms. Let H ¼ GLð2; 3Þ and let Z be cyclic of order 4. Let H act nontrivially on Z and let G be the partial semidirect product, with central subgroups of order 2 amalgamated. Then jZðGÞj ¼ 2 and G=ZðGÞ ¼ S 4 Â Z 2 , a rational group.
Since C H ðZÞ ¼ SLð2; 3Þ, a 2-Sylow subgroup T of G contains
as a subgroup of index 2. Since T=ZðGÞ G D 8 Â Z 2 , the rationality of T will follow if we can prove that T has a unique irreducible character whose kernel does not contain ZðGÞ. Let l be the nontrivial linear character of ZðGÞ. Then IrrðUjlÞ consists of two characters, which are algebraically conjugate and are interchanged by T. Hence IrrðTjlÞ consists of one character, which is induced from U. Thus T is a rational group. There exists h A IrrðSLð2; 3ÞÞ such that hð1Þ ¼ 2 and hðxÞ ¼ Ào ¼ Àe 2pi=3 for some x A SLð2; 3Þ of order 3; see the character table [2, p. 288] . Hence there exists c A IrrðC G ðZÞÞ such c extends h and cðxzÞ ¼ oi for some generator z of Z. Now c Z is not invariant in G, so c G A IrrðGÞ. Since xz is conjugate in G to its inverse,
is not 2-rational. Hence IrrðGÞ is not 2-rational, as desired.
Since a 2-Sylow subgroup of GLð2; 3Þ is semidihedral of order 16 and nilpotence class 3, it is easy to see that T has nilpotence class 3. Hence one cannot relax the hypothesis that P (respectively D) has class at most 2 in Theorem A (respectively Corollary 2.5).
We also remark that this example is related to the D 24 example in the introduction. In fact our group G of order 96 is the product of a D 24 subgroup and a normal Q 
